Linearisation of overdamped Cosserat rod
dynamics
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1 Non-dimensionalisation of dynamics

Our equations of motion are
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where 7, Fy and My are time, force and moment scales that will be specified
later. As L = I, we also define the dimensionless moment of inerta I = pA%I .
0

The resulting equations of motion become

D = DV (5)
0:7 = DaQ) (6)
oTD;V = DiF — BTV + f (7)
oRD;L = DM + CO x F — CAQ + 77 (8)
where
v _ pPALY/T?
Fy
g _ (Bo/rn"
Fy/Ly
R _ PALg/T2
- =
¢= Lo
My/ Lo
R
A= :WF 2
v L

a” can be seen as the ratio of the characeristic inertial forces compared to the

characteristic internal force amplitude Fy. A7 is the ratio of the characteris-
tic frictional force to the internal force. aff is the ratio of the characteristic
inertial moment to the characteristic moment amplitude My. ( compares the
characteristic force amplitude to the moment. A compares the translation to
the rotational friction. -
Without loss of generality we now set 47 = 1, which means 7 = 2 FOLU which
is the characteristic damping time—scale for a_‘simple harmonic oscillator. We

also set ¢ = 1, which ensures that if F' and M are of the same order, then F

N 2, 2
and M /Lg are as well. We also then have that aff = o = a = % The
resulting equations are

D = DV (9)
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aD;L = Dol + 6 x F — )2+ 7 (12)

with two tunable parameters o and A, as well as the dimensionless moment of
inertia I.



Let us now assume that we have constitutive laws
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then in non-dimensionalised form these become
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where fh = gz/FO and gz = Ei/(LoMo).
For overdamped systems we have o = 0, and

D = DV (13)
9;7 = Dyl (14)

V=DiF+f (15)
M) = Do + 0 x F+ 17 (16)

2 Linearisation of overdamped dynamics

2.1 3D overdamped Cosserat rod

Here we linearise the overdamped equations of motion. We use the non-dimensionalised
equations but drop the tildes. Let the forces and moments be of the form

F = A0 —6y) + B7
M = C(6 - 6,) + D&
: (ﬁ ﬂo) ir an
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where 50 = ( 1 0 0 )T. We now linearise with § = 50 +60 and 7 = 7, such
that

F = AS0 + Bo=
M = C80 + D67

The linearised equations of motion are then
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where
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We note that the € equations have 0-th order terms in spatial derivatives, but
the 7 equations do not.



2.2 3D Cosserat rod with typical elastic energy

We now presume that the A and D matrices in Eq. 17 are of the typical diagonal
form: A = diag{k,g,g} and D = diag{n, ¢, e} . Then
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We now also assume that B = C =0 and f = 0 and that

m=r0xe; —sw



In the vec notation we have
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Explicitly the equations of motion are
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2.3 Planar Cosserat rod

We now assume that 603 = dmy = 6w = 0. Let & = ( 661 60y Oms )T7 we
get
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where ~
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If we assume ordinary hyperelastic forms for the conservative part of the dy-
namics, with A = diag {k, g, g} and D = diag{n, e, e} , we get
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Finally, we now assume that B = C' =0 and f = 0 and that
m=r0xe; —sw

In the vec notation we have
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The linearised dynamics is then
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The equations can be written out explicitly as
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The first equation is decoupled from the 6 and 73, so we effectively just have
a system of two equations. Letting a = A~'e, b = g and ¢ = A"!g then
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The full non-linear equations are (in terms of 6 and é) are
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